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The thermodynamics of a general stochastic model of magnetic hysteresis are analyzed
and the implications on past and future work on hysteresis models are discussed. The
conditions of equilibrium and stability are derived for a random potential model with no
assumptions about the form of the potential. The analysis demonstrates that the average
over all instances of the potential is related to the equilibrium behavior of the system and
the deviations of each instance from this average is related to the domain wall pinning
properties. This allows one to analyze the ad-hoc assumptions made in earlier models of
magnetic hysteresis and the Barkhausen effect. It also suggests a clear starting point for
future work on random potential models.
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I. Introduction

The complexity of the magnetization processes that occur in ferromagnets has led many
investigators to search for simplified approaches to allow for the interpretation of
hysteresis behavior. In the history of the study of hysteresis, a prominent role has been
played by the type of model first proposed by Néel1, which is sometime referred to as a
random potential model. In this model, the system is represented by a single degree of
freedom which evolves in a random potential energy landscape. This potential energy
function contains multiple metastable states, causing the system to exhibit hysteresis
when subjected to an applied magnetic field. Similar types of metastable states are
created in ferromagnetic materials when the domain walls become pinned at defects.

The random potential model was first proposed by Néel as an explanation for the low
field Rayleigh region encountered in many materials. This type of model was further
studied by Pfeffer2 as well as Kronmuller and co-workers in a number of papers3,4,5. More
recently, Bertotti and co-workers have explored the use of stochastic differential
equations for representing the random potential6,7,8. One difficulty in the use of random
potential models has been the need for ad-hoc assumptions about the form of the effective
potential. Previous investigators have not carried out a thermodynamic analysis of a
generalized random potential model; therefore, is instructive to consider what limits are
placed on the potential by the thermodynamics of the model and if any further insight can
be obtained from such an analysis.
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II. Thermodynamic Analysis

The functional integration approach to hysteresis has recently been proposed by Bertotti,
Mayergoyz, Basso, and Magni9. It is a general mathematical description of hysteresis
which is in a sense a generalization of the approach developed by Néel. While the
functional integration approach has been presented in a general way for any two
conjugate work variables H and X, let us consider the specific case where H represents
the magnetic field and X represents the magnetization M.

Let us assume that the magnetization process can be reduced to a single dominant degree
of freedom (i.e. M), such that we don’t need to know spatial variation of the orientation
of all the moments in the material, only the average value over an entire bulk sample in
order to identify the state of the system. Only a single component of the magnetization in
a direction parallel to the magnetic field will be considered to simplify the problem to a
scalar model. Now let the Helmholtz free energy of the system be given as a function of
M by F(M). We will consider isothermal processes and omit the variable T for
conciseness of notation. Because of the presence of structural disorder in the system, we
expect that F(M) will contain multiple metastable states which give rise to the non-
equilibrium hysteresis behavior of the system. Let the relevant free energy of the system
GL be given by GL(M;H) = F(M) - µoMH, where the subscript L indicates that we are
considering the Landau free energy or the free energy of the system as a function of H in
the case where M is constrained away from its equilibrium value.

The functional integration approach considers that the system contains a set of generating
functions γ which describe the free energy profile, γ = dF/dM. For each generating
function, one determines the evolution of the system by considering the action of a
magnetic field on some initial state which brings the system to the final state through a
envelope-like construction as shown in Figure 1. As the magnetic field is varied, the
system remains in local equilibrium (µoH = dF/dM) until it reaches a maximum or
minimum in the dF/dM curve and then proceeds by a spontaneous jump to the next
available local minimum (which precludes the possibility of inertial effects which may
allow the system to reach more distant minima). Of particular interest is the case where γ
are statistically independent. This allows the hysteresis behavior of a system of
generating functions to be found from a statistical average of these trajectories weighted
by their probability of occurrence, p.

Figure 1.Generating function and envelope operation
which define the evolution of the system.
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Let us now consider some of the consequences of the thermodynamics of a system
represented by a single generating function γ. The condition of local equilibrium is that a
small change in state must increase the free energy,  δGL ≥ 0. At constant magnetic field
this can be written as:
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Since δM can be positive or negative this means that we must have
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which expresses the condition of equilibrium in terms of either γ or dF/dM.

The condition of local stability is that the second variation of the free energy must be
positive, δ2GL > 0. We can write this as:
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We see that the condition of stability requires that the generating function be an
increasing function for either increasing or decreasing magnetic field histories. Thus
portions of the generating function with negative slope are unstable. The conditions of
local equilibrium and stability are consistent with the proposed description of the system
in that the system follows the condition of local equilibrium up to a maximum (or down
to a minimum) in the generating function at which point the system becomes unstable
owing to the fact that the generating function is no longer an increasing function and then
proceeds to the next available position of local equilibrium.

Under constant H and T, a decrease in GL corresponds to the dissipation of energy into
the thermal reservoir. We can find this dissipated energy from:
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From equation 4 we see that the energy dissipated is clearly the difference between the
energy stored represented by the first term on the right and the energy supplied to the
system represented by the second term on the right. The energy dissipation has a clear
graphic representation as indicated by the shaded area in Figure 2. It is clear from this
that that for a closed loop the energy dissipation will be equivalent to the area of the loop
as one would expect.

Figure 2. Graphical interpretation of energy losses. Hysteresis loss
on moving from M1 to M2 is represented by dark shading. The loss
associated with an entire loop is given by light shading.
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We can also see from equation 4 that if a trajectory always satisfies the local condition of
equilibrium there will be no energy dissipation. And thus systems which contain no
unstable portions (with dγ/dM<0) will not exhibit hysteresis. Application of the second
law of thermodynamics and use of equation 4 also shows that for increasing field, a
trajectory must lie on or above the generating function (µ0H ≥ dF/dM) in order to avoid a
spontaneous increase in the free energy of the system in violation of the second law. For
decreases in M, the trajectory must lie below the generating function.

Let us now consider a collection of independent generating functions. The energy stored
in the system can be found from:
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We see that the energy stored is simply related to the expectation value of the generating
function. Thus if the trajectory follows µoH = <γ(M)>, no energy dissipation (no
hysteresis) will occur.

We have considered thus far situations where the system is trapped in states of local
equilibrium and can not escape from these metastable states. One would expect that with
sufficient thermal excitation, fluctuations may allow the system to reach lower energy
states. In this respect we would like to find the global conditions of equilibrium at fixed
H. At global equilibrium, any change of state increases the free energy GL; ∆GL > 0.
Consider the change in free energy from the equilibrium state given by Meq to some
arbitrary state M,
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This result has a simple graphical interpretation in the case where <γ(M)> is a monotonic
increasing function. The above criterion is equivalent to saying that the area between the
generating function and the line µoH must be positive (above µoH) for increases in M and
negative for decreases in M. Since either increases or decreases in M are admissible we
see from Figure 3 that the condition of global equilibrium is such that <γ(Meq)> = µoH.
When <γ(M)> is not a monotonic increasing function but contains a large scale
instability the condition of global equilibrium is such that the net area between the
generating function and the line µoH must be positive for all M>Meq and negative for all
M<Meq.
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III. Discussion

Since the generating function is a derivative of the free energy F with respect to
magnetization M, it is equivalent to a magnetic field, γ(M) = dF/dM = µoHF. Since the
absolute value of F can be set to zero at some arbitrary reference, the free energy can be
described entirely by an effective field HF. From the above analysis we also see that the
energy stored in the system can be related to the average value of this field which we will
call Hm = <HF>. The difference of each free energy curve from equilibrium can be
represented by Hp = HF – Hm  = HF – <HF>. It is clear from this that <Hp> = 0.

The series of points Hm(M) represents the equilibrium magnetization curve or
equivalently the anhysteretic magnetization curve. Thus we expect that Hm will contain
certain features consistent with known experimental evidence. Because of the symmetry
of magnetic materials Hm(M) will be an odd function. It will also generally be an
increasing function with 2 vertical asymptotes which correspond to magnetic saturation.
One also expects that Hp will depend on the characteristics of the pinning sites and thus
the properties of Hp will depend on M. For example, since the behavior of magnetic
materials at saturation is reversible, we expect that Hp will tend to zero at large
magnetization.

The fact that the generating potential can be subdivided into two parts based on a
thermodynamic argument brings some clarity to past work on random potential models.
Previous investigations have required ad-hoc assumptions about the form of the random
potential in order to study the resulting hysteresis behavior. For example, Néel1 assumed
that the slopes of the potential (which have been represented here by dF/dM = µoHF) are
random with a Gaussian distribution and mean of zero. From the above analysis we see
that this implies that Hm is zero and HF=Hp. In terms of physical quantities, Néel’s
assumption requires that the material have an infinitely steep equilibrium magnetization
curve, or that Hm is not significant compared to Hp, which is a reasonable assumption in
the Rayleigh region.

Figure 3. Graphical representation of the
condition of global equilibrium.
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In the more recent work of Bertotti and co-workers on the Barkhausen effect6 and
magnetic hystereis7,8, they assume that the system free energy can be separated into two
distinct contributions: a random pinning term Hp with average value zero which
represents the structural disorder of the system, and a large scale contribution Hm due to
magnetostatic contributions which is assumed linear in M (Hm = M/χ, where χ is the
magnetic susceptibility). In fact, the above analysis shows that this is not an arbitrary
assumption and that the separation of the free energy into two contributions is a natural
consequence which follows from the thermodynamics. We also see that Hm is more
accurately written in terms of the equilibrium susceptibility (Hm = M/χeq). This is not
inconsistent with the original Barkhausen model put forth however, because that model
was restricted to the case where the domain wall dynamics are a stationary stochastic
process and this requires the equivalence of the susceptibility and the equilibrium
susceptibility.

The separation of the potential into two components can also act as a starting point for
future developments of random potential models. One benefit is the fact that one part of
the potential is simply the equilibrium or anhysteretic magnetization relationship, which
can be experimentally measured. This allows for the possibility of exploring the
equilibrium and pinning aspects separately which may help to simplify the problem.

Another example of the usefulness of the above analysis can be found in the low field
region. In that case, one can assume that Hm will not be significant compared to Hp and
that the pinning properties will be essentially constant suggesting that Hf will be a
stationary stochastic process with a mean of zero. This is a clear starting point for
investigation of the hysteresis properties in this regime, as one can now vary the form of
the potential within the limits of this constraint and study the resulting hysteresis
behavior. For example, earlier random potential models of magnetization in the Rayliegh
region predicted certain scaling relations between the magnetic parameters, such as the
fact that the product of the initial permeability and the coercivity are a constant.
However, experiments have shown that these scaling relations do not necessarily hold in
real materials10 11. Since the scaling relations are the result of certain assumptions about
the effective potential, one may gain an understanding of the breakdown in these scaling
relations by relaxing some of the earlier assumptions while remaining confident that the
above thermodynamic analysis provides some guidance to the form of the random
potential.

A thermodynamic analysis of a generalized random potential model has shown the
effective potential to be composed of two terms, one related to the equilibrium behavior
and the other related to the domain wall pinning in the material. This provides insight into
earlier ad-hoc assumptions about the form of the potential. It also suggests a starting
point for future work on these types of hysteresis models.
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